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Abstract. Considering the tangent plane at a point to a surface in the four-dimensional 
Euclidean space, we find an invariant of a pair of two tangents in this plane. If this invariant is 
zero, the two tangents are said to be conjugate. When the two tangents coincide with a given 
tangent, then we obtain the normal curvature of this tangent. Asymptotic tangents (curves) 
are characterized by zero normal curvature. Considering the invariant of the pair of a given 
tangent and its orthogonal one, we introduce the geodesic torsion of this tangent. We obtain 
' that principal tangents (curves) are characterized by zero geodesic torsion. 

The invariants k and k are introduced as the symmetric functions of the two principal normal 
curvatures. The geometric meaning of the semi-sum m: of the principal normal curvatures is 
equal (up to a sign) to the curvature of the normal connection of the surface. The number of 
asymptotic tangents at a point of the surface is determined by the sign of the invariant k. In 
the case k = there exists a one-parameter family of asymptotic lines, which are principal. We 
find examples of such surfaces (k = 0) in the class of the general rotational surfaces (in the sense 
, of Moore). The principal asymptotic lines on these surfaces are helices in the four-dimensional 

Euclidean space. 
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1. Preliminaries 

>• ■ In [lj we introduced a linear map 7 of Weingarten type in the tangent space at any point of 

a surface in the four- dimensional space M 4 . Analogously to the classical theory of surfaces in 
^ ! IR 3 the map 7 generates second fundamental form // on the surface. 

In the present paper we introduce two invariants of a line on a surface M 2 in M 4 in terms of 
an invariant C 01,02 °f two tangents gi, g 2 at a point of M 2 . Here we define conjugate tangents 
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91.92 

by the condition ( gug2 = 0. We prove that the conjugacy in terms of Cgim * s the conjugacy 
with respect to the second fundamental form. Thus we obtain a geometric interpretation of the 
second fundamental form and the Weingarten map of the surface. 

Let M 2 : z = z(u,v), (u,v) G T> (T> C M. 2 ) be a 2-dimensional surface in M 4 with tangent 
space T p M 2 = span{z M , z v } at any point p G M 2 , and E, F, G be the coefficients of the first 
fundamental form, W = \/EG — F 2 . We choose an orthonormal normal frame field {e\, e 2 } of 
M 2 so that the quadruple {z u , z v , e\, e 2 } is positive oriented in M. 4 . Then the following derivative 
formulas hold: 

V^z,, = z uu = T-q z u + T-q z v + c-q 61 + C]j e2, 

v" Zii ^ = Z uv = Z u + Z v + 61 + 62, 

^ z v Z v = z vv = 1^22 %u "I" -^22 z v ~\~ C 22 e i C 22 e 2) 

where are the Christoffel's symbols and c&, i,j, k = 1, 2 are functions on M 2 . 
Denoting by a the second fundamental tensor of M 2 , we have 

cr(z u ,z u ) = c 1 u e 1 + c 2 u e 2 , 

(1.1) <r(z u ,z v ) = c\ 2 e 1 + c 2 12 e 2 , 

a(z v , z v ) = c\ 2 ei + C22 e 2 . 
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The three pairs of normal vectors {a(z u , z u ),cr(z u , z v )}, {a(z u , z u ),a(z v , z v )}, {a(z u , z v ),a(z v , z v )} 
form three parallelograms with oriented areas 
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C 22 
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respectively. These oriented areas determine three functions L = , M = — , TV 

W W 



2Ag 

w ' 



which change in the same way as the coefficients E, F, G under any change of the parameters 
(u,v). 

Similarly to the theory of surfaces in M. 3 , using the functions E, F, G and L, M, N in pQ we 
introduced the linear map 7 in the tangent space at any point of M 2 



defined by the equalities 



7 : T p M 2 T p M 2 , 
l{z u ) = l\z u + jfzv, 



where 



7i 



FM-GL 
EG — F 2 ' 



7i 



FL-EM 
EG-F 2 ' 



I2 



FN -GM 
EG-F 2 ' 



FM -EN 
EG-F 2 ' 



The linear map 7 of Weingarten type at the point p G M 2 is invariant with respect to changes 
of parameters on M 2 as well as to motions in M 4 . This implies that the functions 



k 



LN - M 2 
EG — F 2 ' 



EN + GL- 2FM 
2{EG - F 2 ) 



are invariants of the surface M 2 . 

The invariant x turns out to be the curvature of the normal connection of the surface M 2 in 
M 4 . 

As in the classical case, the invariants k and x divide the points of M 2 into four types: flat, 
elliptic, parabolic and hyperbolic. The surfaces consisting of flat points satisfy the conditions 

k(u,v) = 0, x(u,v)=0, (u,v)eV, 

or equivalently L(u,v) = 0, M(u,v) = 0, N(u,v) = 0, (u,v) G V. These surfaces are either 
planar surfaces (there exists a hyperplane 1R 3 C 1R 4 containing M 2 ) or developable ruled surfaces 
in IR 4 p. 

Further we consider surfaces free of flat points, i.e. (L, M, N) 7^ (0, 0, 0). 

Let X = Xz u + fiz v , (X, fx) 7^ (0,0) be a tangent vector at a point p G M 2 . The map 7 
determines a second fundamental form of the surface M 2 at p as follows: 

II(X, fi) = -g(~/(X),X) = LX 2 + 2MXfx + Nfj 2 , X, fi G R. 

As in the classical differential geometry of surfaces in M 3 the second fundamental form II 
determines conjugate tangents at a point p of M 2 . Two tangents g% : X\ — Xiz u + fi\z v and 
92 '■ A 2 = X2Z U + fi<i z v are said to be conjugate tangents if II (Xi, fii, A 2 , /U 2 ) = 0, i.e. 

LAxA 2 + M(X 1 fJL 2 + X 2 fii) + Nfi x fi 2 = 0. 

In the next section we shall introduce conjugate tangents in a geometric way. 
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2. Invariants of a tangent on a surface in R 4 

Let g be a tangent at the point p G M 2 determined by the vector X = Xz u + jj,z v . We consider 
the map a g : T P M 2 ->■ (T^M 2 )- 1 , defined by 

(2.i) „ f00 = .(^g,r), 

Obviously a g is a linear map, which does not depend on the choice of the vector X collinear 
with g. Using (1.1) and (2.1) we obtain the following decomposition of the normal vectors 
o g {z u ) and a g (z v ): 

\c\ l + fic\ 2 A c\ x + n c\ 2 

(2.2) 

/ \ X c 12 + /i c 22 A c 12 + /i c 22 

Let : Xi — Xiz u + fiiz v and g 2 : X 2 = X 2 z u +fj, 2 z v be two tangents at the point p G M 2 . The 
oriented areas of the parallelograms determined by the pairs of normal vectors o~ gi (z u ), a g2 (z v ) 
and a g2 {z u ), a gi (z 1) ) are denoted by S( y o~ gi ( y z u s j , o g2 (z v )), and S(a 92 (z u ), a gi (z v )), respectively. We 
assign the quantity ( gug2 to the pair of tangents g±, g 2 , defined by 

/ c\ o\ 2- ^gi^u).^^)) , >g(gg 2 (^),ff gl (^)) 

Proposition 2.1. T/ie quantity ( gi , g2 is invariant under any change of the parameters on M 2 . 
Proof: Using equalities (2.2) we calculate that 

_ L\i\ 2 + M(Ai^ 2 + ^iA 2 ) + iV^i/i2 _ II(Xi,fJ,i, A 2 , /a 2 ) 

y/l(X 1 ,fl 1 )y/l(\2,fl2) a//(Ai, ^i) a/J(A 2 , /i 2 ) 

Now, let 

(u,v) G D, Del 2 

be a smooth change of the parameters (it, u) on M 2 with J = u a Vv — u^Vu ^ 0. Then 

"I" ^« ^M) 
Zfj Z w tlfj "I - Z v Vy 

and EG-F 2 = J 2 (EG - F 2 ), hence W = eJW, e = sign J. The functions E, F, G and L, 
M, iV change as follows under the change of the parametrization: 

E = u 2 u E + 2 u u vu F + vlG, L = e(u\ L + 2 u u Vu M + v\N), 

F = UuUv E + (UuVy + VuUv) F + Vy,Vv G, M = E{u a Uv L + (UuVy + VuUy) M + V n Vv N) 

G = u\ E + 2 F + v\ G, N = e(u 2 L + 2uyV ij M + v 2 N). 

If X = \z u + fj,z v = Xz a + p,Zy, then A = u a X + u d fi, fj, = v u X + v^Jx. 
The first and the second fundamental forms change as follows: 

/(A,£)=I(A,/i); II(X,il)=eII(X,fjL). 

Hence, 

^ _ //(Ai,/2i; A 2 ,/j 2 ) _ eII(X 1 ,n 1 ;X 2 ,H2) _ g ^ 
31,92 v / /(Ai, / ui) v //(A 2 ,/i 2 ) ^J(Ai,^ 1 )^/(A 2 ,^ 2 ) 91 ' 32 
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Consequently, Csi,g2 i s invariant (up to the orientation of the tangent space or the normal 
space). □ 

Definition 2.2. Two tangents g\ : X\ — X\Z U + fXiZ v and g 2 : X 2 = X 2 z u + fJ, 2 z v are said to be 
conjugate tangents if C 91,92 = 0- 

Obviously, ( git92 = if and only if LAiA2 + M(Ai//2 + A2//i) + ./V/ii//2 = 0. Hence, the tangents 
gi and g 2 are conjugate according to Definition [2?2] if and only if they are conjugate with respect 
to the second fundamental form II. 

We shall assign two invariants v g and a g to any tangent g of the surface in the following way. 
Let g : X — Xz u + fj,z v be a tangent and g L be its orthogonal tangent, determined by the vector 



(2.4) 
We define 



x- 



FX + G/J, EX + Ffi 



W 



c 



9,9-1 



w 



C 9 ,9 X - 



We call v g the normal curvature of the tangent g, and ot„ - the geodesic torsion of g. 



The equality (2.3) implies that 



v g = 2 



S(a g (Z U ),0-g(Z V )) H(X,fJ,) 



W /(A,//) 

Hence, the normal curvature of the tangent g is two times the oriented area of the parallelogram 
determined by the normal vectors o~ g (z u ) and a g (z v ). The invariant v g is expressed by the first 
and the second fundamental forms of the surface in the same way as the normal curvature of a 
tangent in the theory of surfaces in M 3 . 
Using (2.3) and (2.4) we get 

X 2 (EM - FL) + X/j(EN - GL) + fi 2 (FN - GM) 

rv = 

WI(X, fi) 

The last formula shows that a g is expressed by the coefficients of the first and the second 
fundamental forms in the same way as the geodesic torsion in the theory of surfaces in M. 3 . 

Definition 2.3. A tangent g : X — Xz u + fiz v is said to be asymptotic if it is self-conjugate. 
Proposition 2.4. A tangent g is asymptotic if and only if v g = 0. 



Definition 2.5. A tangent g : X — Xz u + fiz v is said to be principal if it is perpendicular to 
its conjugate. 

Proposition 2.6. A tangent g is principal if and only if ct g = 0. 



The equation for the asymptotic tangents at a point p e M 2 is 

LX 2 + 2MXfi + Nfi 2 = 0. 

If p is an elliptic point of M 2 (k > 0) then there are no asymptotic tangents through p; if p is 
a hyperbolic point (k < 0) then there are two asymptotic tangents passing through p, and if p 
is a parabolic point (k = 0) then there is one asymptotic tangent through p. 

A line c : u = u(q), v = v(q); q G J C E on M 2 is said to be an asymptotic line if its tangent 
at any point is asymptotic. 

The equation for the principal tangents at a point p G M 2 is 



fi 2 = 0. 



E 


F 




E 


G 




F 


G 






x 2 + 






Xfi + 






L 


M 




L 


N 


M 


N 
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A line c : u = u(q), v = v(q); q G J C R on M 2 is said to be a principal line (a /me 0/ 
curvature) if its tangent at any point is principal. The surface M 2 is parameterized by the 
principal lines if and only if F — 0, M — 0. 

L iV 

The normal curvatures z/ = — and z/' = — of the principal tangents are said to be principal 

E Cr 

normal curvatures of M 2 . The invariants k and x of M 2 are expressed by the principal normal 
curvatures v' and v" as follows: 

v' + */' 



k = v'v" 



X 



2 

3. Examples of surfaces with k = 

In this section we consider general (in the sense of C. Moore) rotational surfaces in R 4 whose 
meridians lie in two-dimensional planes. We shall find all such surfaces consisting of parabolic 
points. 

Considering general rotations in R 4 , C. Moore introduced general rotational surfaces [2] (see 
also In the case when the meridians lie in two-dimensional planes the general rotational 

surface can be parameterized as follows: 

M 2 : z(u, v) = (f(u) cos av, f(u) sin av, g(u) cos f3v, g(u) sin /3v) ; u G J C R, v G [0; 2n) , 

where f(u) and g(u) are smooth functions, satisfying a 2 f 2 {u) + (3 2 g 2 {u) > 0, f' 2 {u) + g' 2 {u) > 
0, u G J, and a, j3 are positive constants. 

Each parametric curve u = uq = const of M 2 is given by 

c v : z(v) = (a cos av, a sin av, bcosflv, bsm(3v) ; a = /(%), b = g(u ) 



a 2 a 4 + b 2 /3 4 abafi(a 2 -(3 2 ) 

and its rrenet curvatures are x r = W on 7777^; = — — ; a c 

a 2 a 2 + b 2 l3 2 ' °" V^W^VW 



a 



2 



. Hence, when a ^ (3 each parametric curve it = const is a curve in R 4 with 



yVa 4 + b 2 ^ 

constant curvatures (helix), and when a = (3 each parametric curve u = const is a circle. 
Each parametric curve v = Vq = const of M 2 is given by 

c u : z{u) = (A 1 f(u),A 2 f(u),B 1 g(u),B 2 g(u)), 

where A\ = cosavo, A 2 = sinavo, B\ = cos 0vq, B 2 = sin/3vo. The Frenet curvatures of c u are 

Wf" - f_Y\ n „ . , Wf" - fg"\ 

KC - = ( v / / /2 + ^2 ) 3 ; Tc " = - HenC6 ' ° U 18 a Pklle ^ Wlth CUrVatUre = (v / f2 + g>2)3 ' 

So, for each v = const the parametric curves c u are congruent in R 4 . These curves are called 
meridians of M 2 . 

The tangent space of M 2 is spanned by the vector fields 

z u = (/' cos av, /' sin av, g' cos /3v, g' sin /3v) ; 

2„ = {—af sin ai> , af cos at), — /3g sin j3v, f3g cos /3v) . 

Hence, the coefficients of the first fundamental form are E = f' 2 (u) + g' 2 (u); F = 0; G — 
a 2 f 2 (u) + j3 2 g 2 (u). We consider the following orthonormal tangent frame field 



x 



Vf' 2 + 9' 2 



(/' cos av, f sin av, g'cos j3v, g 1 'sin /3v); 



?/ = — - ^^=^^= (—a/ sin av, a/ cos av, — /3g sin /3v, /3<? cos j3v) 
\Ja 2 f 2 + f3 2 g 2 
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and the following orthonormal normal frame field 

Ul = i r, I (g cos av,g' sin av, -f'coapv, -f'smpv); 
Vf +9 

n 2 = —===== (—09 sm av i 09 cos av i a f sm Pv, —af cos /3v) . 
^a 2 f 2 + f3 2 g 2 

{x, y, rii, n 2 } is a positive oriented orthonormal frame field in R 4 . 

We calculate the functions c^., i,j,k = 1,2 and find the coefficients L, M and TV of the 
second fundamental form of M 2 : 

2a^gf-fg')(g'f"-f'g") -2aP(gf> - fg'Wgf - a 2 fg') 

(a 2 f 2 + 2 g 2 )(f' 2 + g' 2 ) ' ' (a 2 f 2 + /3V)(/' 2 + 9' 2 ) ' 

Consequently, the invariants k, x and the Gauss curvature K of M 2 are expressed as follows: 

-Aa 2 (3 2 (gf - fg') 2 {g'f" ~ f'g"){P 2 gf - a 2 fg') 



k = 



{a 2 f 2 + /5V) 3 (f 2 + g l2 f 



(a 2 f 2 + (3 2 g 2 )((3 2 gf - a 2 fg'){g'f" - fg") - a 2 (3 2 (f' 2 + g' 2 ){gf> - fg') 2 

(a 2 f 2 + (3 2 g 2 ) 2 (f 2 + g' 2 ) 2 

Note that the surface M 2 is parameterized by the principal lines (F — M — 0). 

Now we shall find the general rotational surfaces with k = 0. Without loss of generality we 
assume that the meridian m is defined by / = u; g = g{u). Then 

4a 2 (3 2 (g-ug') 2 g"W 2 g-a 2 ug') 
{a 2 u 2 + P 2 g 2 f{l+g' 2 f ' 

The invariant k is zero in the following three cases: 

1. g(u) = au, a = const ^ 0. In this case k = x = K = 0, and M 2 is a developable surface 
in R 4 . 

2. g{u) = au + b, a = const ^ 0,b = const ^ 0. In this case k = 0, but x ^ 0, K ^ 0. 
Consequently, M 2 is a non-developable ruled surface in R 4 . 

3. g(u) = cu^ 7 , c = const ^ 0. In case of a ^ f3 we get k — 0, and the invariants x and K 
are given by 

c 2 a- 5 P 3 (/3 2 - a 2 ) 2 u 2 ^ „ c 2 a~ 2 /3 2 (p 2 - a 2 ) 2 u 2 ^ 

X= ; ; — -t;\ K- 



(a 2 u 2 + (3 2 c 2 u 2 ^) (l + c 2 ^u 2£ ^Y [a 2 u 2 + (i 2 c 2 u 2 ^ (l + c 2 g M 2 ^) 

Hence, x ^ 0, K ^ 0. In this case the parametric lines u = const and v = const are not 

straight lines. This is the most interesting example of general rotational surfaces with k — 0. 

N 

Since k — 0, one of the principal normal curvatures of M 2 is zero iv" — — — 0). Hence, the 

parametric i>-lines of M 2 are asymptotic principal lines. Moreover, these lines are helices in R 4 . 
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